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1 Rational function approximation by using approximate GCD, by Matu-Tarow Noda, Eiichi Miyahiro and





$x_{0}=a,$ $x_{1},$ $\cdots,$ $x_{N}=b$ $f(x_{0}),$ $f(x_{1}),$ $\cdots,$ $f(x_{N})$ (
)
$r_{m,n}= \frac{p_{m}}{q_{n}}$ (2.1)
$p_{m},$ $q_{n}$ $m,$ $n$ $Pm=a0+a_{1}x+\cdots+a_{m}x^{m},$ $q_{n}=$
$b_{0}+b_{1}x+\cdots+b_{n}x^{n}$ (1.1) $(m, n)$ (type of ($m$,n))
$b_{0}=1$ $n+m+1$
1 $N=n+m$













1. 5 $(m, n)=(2,2)$
2. 9 $(m, n)=(4,4)$
















Fig.la, $b$ Mathematica Fig lb
$q_{4}$
$p_{4}$




( $10^{-3}$ GCD) $p_{4}$ $q_{4}$ GCD $(g)$
$g=0.75781\cross 10^{15}-0.43448\cross 10^{I5}x-0.98839\cross 10^{15}x^{2}$




(2.3) $f(x)$ $r_{8,8}$ $p_{8}$
$q_{8}$ GCD












$P(x)=a_{m}x^{m}+a_{m-1}x^{m-1}+\cdots+a0=0$ , $a_{m}\neq 0$ . (3.1)
$P(x)$
$P(x)=Q_{1}(x)Q_{2}^{2}(x)\cdots Q_{l}^{l}(x)$ , (3.2)




$(P_{1}=P(x), P_{2}=dP(x)/dx,$ $\cdots,$ $P_{k-1}\neq 0,$ $P_{k}=0$) (3.3)
GC $D(P_{1}, P_{2})=pp(P_{k-1})$ pp (pIimitive part)
$P(x)$ (3.3) PRS $0$
$0<\epsilon\ll 1$ \epsilon \epsilon
$0$ cutoff $\epsilon$ PRS
$(P_{1}, P_{2}, \cdots, P_{k-1}\neq 0(cutoff\epsilon), P_{k}=0(cutoff\epsilon))$ . (3.4)
154
$P_{1-1}=Q:P:+Max(1,mmc(Q;))\cross P:+1$ , $i=2,$ $\cdots,$ $k$ .
$Q_{\{}$ x P:-l cutoff PRS
GCD cutoff
$ApxGCD(P_{1}, P_{2}; \epsilon)=pp(P_{k-1})$ (3.4)





: $x0,$ $x_{1},$ $\cdots,$ $x_{k}$ $f(x_{0}),$ $f(x_{1}),$ $\cdot$ . . , $f(x_{k})$ .
GCD cutoff $\epsilon$ .
: $(x_{0}, f(x_{0})),$ $(x_{1}, f(x_{1})),$ $\cdots,$ $(x_{n}, f(x_{n}))$ $r(x)=p(x)/q(x)$
:
1. $(m, n)$
$r^{(0)}(x)= \frac{p^{(0)}(x)}{q^{(0)}(x)}=\frac{\Sigma_{j=0}^{m}a_{j}x^{j}}{\Sigma_{j=0}^{n}b_{\dot{J}}x^{i}}$ , $b_{0}=1$
2. $p^{(0)}(x)$ $q^{(0)}(x)$ $\epsilon$ GCD
$g=ApxGCD(p^{(0)}(x), q^{(0)}(x);\epsilon)$








$f(x)= \frac{l}{x\sin x}$ (3.6)
. : $[0,$ $\pi|$. :. 21 $(m, n)=(10,10)$
$x0=0.001,$ $\cdots,$ $x_{20}=3.141$ 0.157. :
$7’(0)$
$=$ $p^{(0)}/q^{(0)}$
$p^{(0)}$ $=$ $-1.8476\cross 10^{14}+5.2531\cross 10^{14_{X}}+1.5974\cross 10^{14}x^{2}-1.2001\cross 10^{13}x^{3}+6.8986\cross 10^{12}x^{4}$
$-6.9830\cross 10^{11_{X}5}+1.4066\cross 10^{11_{X}6}-1.2594\cross 10^{10_{X}7}+1.5740\cross 10^{9_{X}8}-9.4088\cross 10^{7_{X}9}$
$+6.4614\cross 10^{6_{X}10}$
$q^{(0)}$ $=$ $1-1.0210\cross 10^{3_{X}}-1.8476\cross 10^{14_{X}2}+5.2531\cross 10^{14}x^{3}+1.9053\cross 10^{14_{X}4}$







$p^{(1)}$ $=$ $-4.681\cross 10^{13}-1.273\cross 10^{13_{X}}+8.015\cross 10^{11}x^{2}-5.440\cross 10^{11}x^{3}+5.322\cross 10^{10}x^{4}$
$-1.112\cross 10^{10_{X}5}+9.841\cross 10^{8}x^{6}-1.256\cross 10^{8}x^{7}+7.484\cross 10^{6}x^{8}-5.255\cross 10^{5}x^{9}$
$q^{(1)}$ $=$ 1–255.$59x-4.681\cross 10^{13_{X}2}-1.273\cross 10^{13_{X}3}+8.604\cross 10^{12_{X}4}$
$+1.578\cross 10^{12}x^{5}-4.705\cross 10^{11}x^{6}-2.658\cross 10^{10_{X}7}+8.083\cross 10^{9}x^{8}-2.796\cross 10^{8}x^{9}$
. $r(x)=r^{(1)}$
GCD -I
Fig. 2 (3.6) (Fig.2a) $r^{(0)}$ $(Fig.2b)$




1 $x=\pi$ $x=0$ 2
156
1 $X=0$ 2 2
$q^{(1)}$
$X=-5.61,$ $-3.15,$ $-2.43,$ $-0.14615\cdots\cross 10^{-5},0.14614\cdots\cross 10^{-5},3.14159\cdots,$ $6.28,9.10$ and 21.5
$x=0$ 2 $x=\pm 0.1461\cdots\cross 10^{-5}$ 1 2
$q^{(1)}$
$q^{(1)}arrow qq_{2}^{2}qq_{1}$
$qq_{2}$ $=$ $X+2.8665\cross 10^{-12}$
$qq_{1}$ $=$ $x^{7}\sim-28.90x^{6}+95.07x^{5}+1.682\cross 10^{3_{X}4}-5.644\cross 10^{3_{X}3}$
$-3.077\cross 10^{4_{X}2}+4.554\cross 10^{4_{X}}+1.674\cross 10^{5}$
$r^{(2)}= \frac{p^{(2)}}{q^{(2)}}$ ,
$p^{(2)},$ $q^{(2)}$
$p^{(2)}$ $=$ $1+0.2720x-1.712\cross 10^{-2}x^{2}+1.162\cross 10^{-2}x^{3}-1.137\cross 10^{-3_{X}4}+2.376\cross 10^{-4_{X}5}$




















: $E_{Ave}= \sum_{i=1}^{100}E(x_{i})/100$ , (4.2)
: $E_{{\rm Max}}=_{i} \max_{=1,100}E(x;)$ , (4.3)
3 $(X\in[0,1])$
$f(x)=$ ( 4 ; (4.4)
4 $(x;\in[0,1])$









$3$ $4$ 3 $N=11$
$(m, n)$ $(10, 0)$ , $(9,1),$ $\cdots,$ $(5,5),$ $\cdots$
$E_{Ave\text{ }}E_{{\rm Max}}$ Table 1 GCD
$r^{(0)}$
$(m, n)$
$m=n$ $m=n\pm 2$ $m+n$





















(4.1) $f(x)$ (2.3) (4.4) ( 5
$x\in[-1,1]$ 6 $x\in[0,1]$ ) 100 $E$ $E_{Ave\text{ }}E_{{\rm Max}}$
5,6 GCD -I






$=$ 8+1.2506 $\cross 10^{15}x+3.9305\cross 10^{15}x^{2}-1.2704\cross 10^{I6}x^{3}-3.1126\cross 10^{16}x^{4}$
$+2.0327\cross 10^{16}x^{5}+4.0655\cross 10^{16}x^{6}+89.164x^{7}-211.83x^{8}$
$q_{8}^{(0)}$
$=$ 1+1.2506 $\cross 10^{15}x+3.9305\cross 10^{15}x^{2}+1.8561\cross 10^{16_{X}3}+6.7137\cross 10^{16}x^{4}$
$-2.9729\cross 10^{17}x^{5}-7.3751\cross 10^{17}x^{6}+5.0819\cross 10^{17}x^{7}+1.0163\cross 10^{18}x^{8}$
. GCD $(ApxGCD(p_{8}^{(0)}, q_{8}^{(0)};0.001 ))$








$p_{10}$ $=$ 1 – 28449 X $10^{1}$ 3.2432 $\cross 10^{2}$ $2-1.9615\cross 10^{3_{X}3}$ 6.9219 $\cross 10^{3_{X}4}$
$-1.4522\cross 10^{4_{X}5}+1.7006\cross 10^{4}x^{6}-7.7438\cross 10^{3}x^{7}-4.5484\cross 10^{3}x^{8}$
$+6.7945\cross 10^{3}x^{9}-2.2447\cross 10^{3_{X}10}$
$q_{10}^{(0)}$
$=$ $1-2.8944\cross 10^{1}x+3.3873\cross 10^{2}x^{2}-2.1314\cross 10^{3}x^{3}+8.0047\cross 10^{3}x^{4}$
$-1.8669\cross 10^{4}x^{5}+2.6974\cross 10^{4}x^{6}-2.2883\cross 10^{4}x^{7}+9.5394\cross 10^{3}x^{8}$
$-5.2876\cross 10^{2}x^{9}-6.1755\cross 10^{2}x^{10}$
. GCD $(ApxGCD(p_{10}^{(0)}, q_{10}^{(0)}; 0.001))$
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